Abstract
Modeling the direct and siderophore-mediated uptake of dissolved and aggregated iron. This figure illustrates two extreme cases of very strong iron aggregation or complete solubility.a. A cell not secreting siderophores must directly encounter iron particles for uptake. Due to its size, aggregated iron diffuses more slowly than dissolved iron. Therefore, at low solubility, which promotes iron aggregation, the cell's iron uptake rate slows down. b. A siderophore-secreting cell takes up siderophore-bound iron only. Each siderophore must first chelate an iron ion before the resulting chelate can be taken up by the cell. Since chelates are larger than dissolved iron, they diffuse slower, making siderophore-mediated iron uptake slower than direct uptake. When iron is aggregated, though, the diffusion coefficient of chelates is considerably higher than that of the aggregates. Hence, use of secreted siderophores accelerates uptake at low iron solubility. Iron aggregation influences what process iron uptake is limited by. At a high iron concentration and/or if iron is highly dissolved, uptake of iron is limited by the speed of transport of iron into the cell (transport limited, orange area). As the aggregation level of iron increases at a given concentration, diffusion of iron slows down and eventually the iron at the cell surface is completely depleted. In this regime all iron that arrives at the cell surface is immediately taken up, and the cell is limited by the amount of iron diffusing to the cell (diffusion limited, black area). At very low iron concentrations, iron uptake is always limited by diffusion, irrespective of the degree of iron aggregation (red area). The dotted line highlights the background concentration used for calculations leading to the data in Figure 2b (0.1 nM). At this concentration, the threshold between the two types of limitation is at an aggregation level of k = 33. b. The equilibrium iron concentrations as a function of the distance from the cell, with a background concentration of iron ρ 0 = 0.1 nM. At low k, in the transport-limited regime (k < 33, orange areas), the iron concentration at the cell surface decreases with increasing aggregation level of iron k, due to increasingly slow diffusion of iron, but iron is never completely depleted. In the diffusion-limited regime (k ⩾ 33, black area), iron is completely depleted at the cell surface, and thus the steady state concentrations do not depend on the aggregation level k anymore. Note that the uptake rate still decreases with increasing aggregation level, even though an equilibrium concentration is reached.
sion limitation already occurs at aggregation levels of k ⩾ 33, i.e. when iron particles have a diameter larger than only 0.3 nm (Fig. 2a) . We determined the equilibrium 117 distribution of iron aggregates by solving the spherically symmetric diffusion process
118
(see Methods and Völker & Wolf-Gladrow, 1999) . The distribution of particles at 119 steady state (Fig. 2b) illustrates that in the transport-limited regime (k < 33), iron 120 is never completely depleted at the cell surface, even though the iron concentration 121 decreases towards the cell surface. In contrast, in a diffusion-limited regime, iron is 122 completely depleted at the cell surface and only approaches background concentration 123 levels at a distance of over four cell radii. Under these conditions, the required time
124
for a cell to take up sufficient iron to divide can reach up to days, for k ≈ 10 8 , or 125 weeks, for k ≈ 10 11 − 10 12 (at an iron concentration of ρ 0 = 0.1 nM; see Methods).
126
Thus, a main consequence of low iron solubility is that cells can suffer from strong 127 diffusion limitation, even at high iron concentrations.
128
Transport limitation can be alleviated at the cell membrane, for example through Fig. 1, bottom) . In the following, we will hence quantify the effect of 133 siderophore secretion on overcoming diffusion limitation by increasing the diffusion 134 speed of iron.
135
Secreted siderophores can transiently increase the uptake rate 136 of iron from large aggregates by accelerating diffusion 137 We next investigated whether siderophore secretion could alleviate diffusion limita-138 tion. In addition to the diffusion of iron, we accounted for free (unbound) siderophores 139 that are produced at the cell surface and diffuse away from the cell, as well as the 140 reaction of free siderophores with iron resulting in siderophore-iron complexes outside 141 the cell (Fig. 1b) . These complexes diffuse freely and can be taken up by the cell upon
142
an encounter. We model these processes using a set of reaction-diffusion equations (Fig. 3) . However, the cell rapidly consumes the chelates in its proximity, and is 158 surrounded more and more by unbound siderophores that do not encounter iron 159 particles (Supp. Fig. S1 ). Therefore, as iron around the cell becomes depleted, the 160 uptake rate begins to slowly decrease towards the equilibrium value: This decrease 161 can take days or months, depending on the iron aggregation level (Fig. 3) . At eventual 162 equilibrium, the generation of iron-bound siderophores relies on the diffusion of large 163 iron aggregates towards the cell. This results in the formation of a boundary layer 164 at a distance R * from the cell, where siderophores chelate unbound iron (see Supp.
165
Fig . S1 ). Because this process is limited by the diffusion of iron to the boundary 166 layer, the cell suffers from diffusion limitation equal to the case of direct iron uptake.
167
Therefore, the equilibrium uptake rate is roughly the same as the direct uptake rate,
168
for large enough siderophore secretion rates or low iron concentrations,
(see Methods, Eq. 13). Overall, siderophore secretion increases the iron uptake rate 170 compared to direct uptake, however only during a -potentially long -transient phase.
171
If iron is present in small aggregates, i.e. highly soluble, the equilibrium uptake 172 rate reached via siderophore secretion is mostly far below the direct uptake rate: re-173 leasing siderophores slows down iron acquisition. In this regime, the fast diffusion 174 limit, the diffusion speed of iron is sufficiently high that the background concentration 175 of iron can be assumed constant (see Methods, Eq. 14). Secretion slows down uptake 176 because of two factors: First, siderophores must encounter iron and bind it, introduc-177 ing an additional step prior to uptake. Second, the diffusion speed of siderophore-iron 178 complexes is lower than that of free iron for k < 1000, thus reducing the flux of bound 179 iron towards the cell. For small iron aggregates (highly soluble iron), siderophore se-180 cretion thus actually slows down uptake. Therefore, for a range of k = 33 to k = 1000
181
(at an iron concentration of 0.1 nM), the cell is diffusion-limited, but secretion of si- Figure 3: Uptake rate for secreter cells. The solid lines show the iron uptake rate for cells that secrete siderophores at a rate P = 0.045 amol/h. The dashed lines in the background show the corresponding direct uptake rate for reference. The uptake rate initially increases as the concentration of siderophores builds up. For low aggregation levels (reddish solid lines), the uptake rate eventually approaches the fast diffusion approximation: the approximation for the maximum uptake rate using a secretion strategy for small aggregates (bottom of grey box; see Methods). For large aggregation levels (bluish solid lines), a transient peak in the uptake rate is reached that is well above direct uptake levels, and the uptake rate only slowly approaches the equilibrium value (+ symbols). The dark grey area indicates the maximum uptake rate limited by transport into the cell.
To access poorly soluble iron, cells could also, instead of secreting siderophores,
184
increase their own diffusion coefficient by engaging in swimming motility. However, 185 to achieve sufficient iron uptake, the cell would need to swim at a significant speed: The time required to take up enough iron for division ('uptake time') depends on the iron aggregation level and the siderophore production rate. The black line indicates the uptake time for a cell relying on direct uptake. Aggregation level and production rate combinations that fall to the left of this line are values where secretionbased uptake is slower than direct uptake (grey area). Aggregation level and production rate combinations that fall to the right are conditions where secretion-mediated uptake is faster (white area). For low iron aggregation levels, a secreter has higher uptake times than a non-secreter, unless it produces siderophores at a very high rate (> 1 amol/h). For large iron aggregation levels, a secreter shortens its uptake time compared to a non-secreter, even for low production rates (< 0.01 amol/h). The full color scale for the production rate is shown in Panel b on the x-axis. b. Uptake time is influenced by the siderophore production rate. For highly dissolved iron (more red lines) or very low production rates, this relationship is almost linear. For highly aggregated iron (more blue lines), the effect is slightly reduced (blue lines not as steep). For low aggregation levels, or low levels of production for high aggregation levels (not visible), the uptake time is well approximated by the fast diffusion approximation (dashed line). As the production rate increases from very low levels, the relationship between production rate and uptake time flattens out, indicating that an increase in production rate only has a small effect on reducing the uptake time. As the production rate increases further, the effect on reducing uptake time becomes stronger again. The flattest range corresponds to where the secretion and direct uptake strategies result in approximately the same uptake time. The full color scale for the aggregation level is shown in Panel a on the x-axis. to a depletion of iron in the close proximity of the cell. In this regime, an increase 223 in production rate has almost no effect on the uptake time (flattening of the lines 224 in Fig. 4b ). Such parameter combinations of aggregation level and production rate 225 are also where the uptake time of both strategies is roughly similar. The diminished 226 returns in these regimes indicate that the secreter needs to drastically increase its 227 production rate to gain marginal benefits over a direct uptake strategy.
228
The cost of producing such a high number of siderophores is difficult to estimate, since the negative effect of siderophore production on growth, due to resources spent 230 on production instead of cell division, likely depends on environmental parameters 231 such as the level of resource limitation (Brockhurst et al., 2008) . However, to obtain 232 an estimate of the magnitude and efficiency of siderophore production, we calculated 233 how many siderophore molecules need to be produced in order to take up one iron share their siderophores, each cell might have to produce fewer siderophore molecules.
250
The outcome of such interactions is not easily predictable, though, since each cell is 251 both a source of siderophores and also a sink of iron-bound chelates.
252
Siderophore production in a group of cells has been shown to increase the efficiency proportion of siderophores is lost to the producer cell even if no other cell is present.
264
Thus, direct of costs of sharing may be minimal at low solubility. Second, the benefits 265 of sharing siderophore production with a producing neighbor cell are influenced by 266 the beneficial returns of increasing siderophore production rate (Fig. 4b) .
267
We investigated a first stage of growth in a group of cells by considering the 2004). We assume that the second cell does not produce siderophores, but still can 278 take up iron bound to siderophores (but not free iron). We measure the negative effect
279
(or cost) in terms of how many more siderophores the secreter cell needs to produce on 280 average to take up one iron, relative to a situation where no other cell were present.
281
A value of 1 indicates that the production effort of the producer is not altered by 282 the presence of the nonproducing cell, whereas a value of e.g. 2 means that twice as 283 many siderophores need to be produced to take up one iron. We find that, while the increases, the negative effect on the producer decreases (Fig. 5c ). For a secretion rate 291 of 4.5 amol/h, the loss of siderophores to the neighboring cell at distances larger than 292 10 µm has a negligible effect on the producing cell (Supp. Fig. S5 ). At the same time,
293
at these distances, the nonproducing cell is able to take up almost equivalent levels 294 of iron as the secreting cell (Fig. 5d) produced close to the cell (Supp. Fig. S1 ) and are rapidly taken up by the producer,
301
such that the nonproducing cell is only able to take up a fraction of the iron relative 302 to the producing cell (Fig. 5d) .
303
Since the benefits of siderophore secretion can be shared with neighboring cells without an additional cost due to competition (blue-green areas in Fig. 5e ), and 316 cooperative effects are thus greater than competitive effects. The magnitude of the 317 synergistic effect, however, depends on the marginal benefit of increased siderophore 318 production rate, i.e. the slope in Fig. 4b . For production levels that only result in a 319 small increase in iron uptake, the marginal benefit of an additional producer cell is 320 small (black areas in Fig. 5e ), which is the case for iron aggregates of intermediate size.
321
At other conditions, however, there is a strong effect and the amount of siderophores 322 produced for the uptake of 1 iron can be reduced almost twofold.
323
The outcome of social interactions is therefore strongly influenced by the physical 324 properties of iron, in particular the diffusion coefficient. Highly soluble and insoluble 325 iron sources enable synergistic interactions, whereas medium-sized aggregates do not.
326
Overall, we find that at the majority of our conditions, siderophore secretion can lead 327 to synergistic interactions between two neighboring siderophore producing cells. This 328 aids in making the secretion of siderophores a favorable strategy in a wide range of 329 environments compared to direct uptake (Fig. 5d ). . Only the secreter produces siderophores, the non-secreter consumes iron-bound siderophores, but does not contribute to production. c. The relative increase in the average number of siderophores that need to be produced to take up one iron, relative to if the secreter was alone, depends on the distance between the cells. When the two cells are close, the amount of siderophores required increases almost twofold (orange area). However, when cells are at distances of >30 µm, the secreter does not need to produce additional siderophores (black area). d. The relative amount of iron acquired by the non-secreter in the time span the secreter takes up one iron ion is influenced by the cells' distance. The non-secreter acquires less iron relative to the secreter only for low aggregation levels and at large distances (purple/yellow area). b,e Both cells produce siderophores. e. Secreters can increase the uptake rate of a neighboring secreter at no or little additional cost, provided that the distance between cells is large enough. For low iron aggregation levels, this reduces the slowdown due to secretion compared to direct uptake (lower blue/green area). For high aggregation levels, this increases the acceleration of uptake by secreting siderophores. At intermediate aggregation levels the marginal benefit of producing additional siderophores is small, though, leading to no benefits or even net costs (black and orange area, respectively).
Discussion
The ubiquity of bacterial siderophore secretion despite the risk of siderophore loss 332 and the evolutionary fragility it entails has stimulated a large body of research (Grif- useless to the cell, and any neighbouring cell, until it encounters and chelates iron.
384
A detailed understanding of how the benefit of siderophores, efficient iron uptake,
385
is generated, emphasizes the importance of diffusion of siderophores. At low iron 386 solubility, secreted siderophores are a means to overcome diffusion limitation, and 387 hence the diffusion away from the producer cell is part of the siderophore's function.
388
Therefore, reduced diffusivity of siderophores (Martinez et al., 2003; Kümmerli et al., 389 2014; Scholz & Greenberg, 2015) can likely stabilize siderophore production in the 390 face of the public goods dilemma, but it probably also reduces the efficiency with 391 which siderophores improve iron uptake at low iron solubility.
392
The location of where benefits of siderophores are generated is the result of a com- 
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Methods
Direct uptake
421
In the direct uptake case, iron is taken up when a cell encounters an iron aggregate.
422
If we assume a spherical cell with radius r B , then the probability that a spherical iron 423 aggregate starting at a distance r from the cell encounters the cell before time t is 424 just the hitting probability of a random walk (Crank, 1975; Frazier & Alber, 2012) ,
with total radius R = r B + r Fe and effective diffusion coefficient water at ambient temperature, and r is the radius of the spherical particle in meters.
429
By summing the diffusion coefficients to an effective diffusion coefficient, we fix the 430 reference frame of the iron particle to the bacterium and subsume the movement of the 431 bacterium into the movement of the iron particle. As a simplification, we assume that 432 the cell is stationary in space, and thus the effective diffusion coefficient is D ≈ D Fe .
433
Note that generally iron diffusion is faster than the cell, r B ≫ r Fe , so that in most
435
The total number of particles that have collided with the bacterium by time t is,
where dn(r) is the number of particles at a distance r. If the concentration of iron 437 is ρ and the iron particles are equally distributed in space, then dn(r) = ρ · 4πr 2 dr.
438
Thus the total number of particles becomes,
We assume that all iron particles are aggregates of size k and that the total concen- 
. At best, a bacterium can 443 completely take up a k-aggregate, such that the total amount of absorbed iron is,
Note that the assumption that bacteria can take up complete iron aggregates is equiv-445 alent to assuming that the iron is fully dissolved, but that the individual atoms diffuse 446 with a reduced diffusion coefficient D k . In this case, the concentration of iron, F (r, t),
447
can be equivalently represented as a spherically symmetrical diffusion process,
with an absorbing boundary at r = R k , a reservoir at infinity, lim r→∞ F (r, t) = ρ 0 , 
and thus the maximal flux for c flux is smaller than the maximally possible transport rate, i.e. J max < α (see Fig. 2b ).
Siderophore-mediated uptake
458
The iron uptake by a single secreting cell is modelled as a reaction-diffusion process for free iron, F , unbound siderophores, X, and bound siderophores, Y ,
When we only consider a single cell, the system is spherically symmetric. Thus the reaction-diffusion equations become (see also Völker & Wolf-Gladrow, 1999) ,
We assume that the binding affinity is the same for all aggregation levels, κ k ≡ κ = 
with a maximal rate of α as in the direct uptake case.
467
To gain some analytical understanding of the equilibrium distributions, we con-
468
sider some limiting cases of the reaction-diffusion system.
469
No reaction. In absence of any reaction of siderophores with iron, κ = 0. In this 470 case the equilibrium solution for the distribution of free siderophores is,
where P is the excretion rate of siderophores from the cell. siderophores completely reacts with the influx of free iron.
478
Let ∆X = ϕ X ∆t and ∆F = ϕ F ∆t be the amount of X and F that enters a finite 479 small volume during time ∆t. Then the amount that reacts will be ∆Y = κ∆F ∆X.
480
We are interested in the case where the all iron ∆F reacts with all siderophores 481 ∆X, k∆X∆F = ∆F and k∆X∆F = ∆X, and hence, ∆F = ∆X, or, |ϕ
483
Iron diffuses to r = R * from above, and siderophores diffuse to r = R * from 484 below. Thus for r < R * , the distribution of free siderophores follows Equation (11) 485 with R ∞ = R * . Equivalently, the distribution of iron for r > R * follows that of freely 486 diffusing iron, F (r) = ρ 0 (1 − R * /r). The fluxes are then,
and,
This defines a boundary at a distance r = R * from the cell. Below this radius there 490 are enough siderophores to bind all free iron and thus there is no free iron. Above this 491 radius, all the siderophores have been bound. Hence at equilibrium, siderophore-iron 492 complexes are only produced at this radius.
493
The distribution of siderophore-iron complexes above r = R * then is,
Finally, this results in a flux at the cell of,
This converges to the maximal direct uptake flux, J = ρ 0 D F /R B , for secretion rates
498
Fast diffusion. If the diffusion speed of free iron is fast compared to the reaction speed of siderophores, then the background concentration of free iron can be assumed constant. The reaction-diffusion equations then become,
with κ 0 = κρ 0 . The equilibrium solutions to these equations for boundary conditions
Here, L = √ D X /κ 0 is the characteristic diffusion-reaction length of siderophores with 499 the background iron. The derivative of Y is,
Hence, as derived in (Völker & Wolf-Gladrow, 1999) , the maximum iron uptake rate
and the peak in the distribution is at a distance r, where
Numerical integration of the partial differential equations
504
With exception of the single cell direct uptake case, no analytical solutions to the 505 reaction-diffusion equations are available. We therefore numerically integrated the 506 equations using a finite elements approach implemented in the FEniCS project version 
where ∆r = (R ∞ − R B )/m. We solved the PDEs over discrete increasing time steps,
513
with ∆t 0 = 10 −4 s and ∆t j+1 = 1.2∆t j , with a maximum time step of 1000 s (see also Supplementary Information).
515
Two cells. In the two cell case, the system only has cylindrical symmetric along the axis that connects the two cells,
We generated 2D (z, r)-meshes using the following procedure: We first created a 516 circular domain of radius ρ 1 = 100 µm. We then removed two circular 'cells', with 24. Kraemer, S. Iron oxide dissolution and solubility in the presence of siderophores.
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is multiplied by a test function v(r, z) and integrated over Ω,
The left hand side can be integrated by parts, and by forcing v = 0 on the bound- Equivalently, for a spherically symmetric problem,
Variational formulation time-dependent problem. Here we use the standard 675 finite difference discretization of the time derivative, such that
The time dependent PDE equation becomes,
We then iterate along the finite differences by successively solving the following equa-tion using finite elements for a known
B The spatio-temporal effects of siderophore secre- 
696
At higher aggregation levels, though, fresh iron diffuses towards the cell more 697 slowly, eventually resulting in a total depletion of free iron close to the cell (Fig. S1b,c) .
698
At the same time, free siderophores diffuse away from the cell and a 'hot-spot' for 699 the formation of bound siderophores builds up at a certain distance from the cell, 700 resulting in a traveling peak in the distribution of bound iron over time (Fig. S1b,c) .
701
As bound iron is either taken up by the cell or diffuses away, this peak eventually 702 flattens out over time and moves away from the cell to a final distance R * (dashed 703 lines in Fig. S1 ; see Methods, Eq. 12). Figure S3 shows the relative increase in the diffusion coefficient the cell would need 727 to achieve in order to equal the uptake rate of the secreter. Already for moderate 728 aggregation levels of > 10 5 , the cell would need to increase its diffusion coefficient 
where v is the velocity and u = v/2r B the relative velocity of a sphere with radius r B , and D R is the rotational diffusion coefficient,
The required relative swimming speed required to gain an 100-or 500-fold increase in around a spherical sink. We generally know the probability that a chelate arrives at 741 the cell, i.e. the hitting probability of a small diffusing particle starting at a distance r 742 on a sphere with radius R. In one or two dimensions, p 1 = 1, but in three dimensions 743 p 1 ≈ R/r. We are interested in the probability that a chelate is 'stolen' from a cell Let p 1 = R/r ≈ Pr(0 → A) be the hitting probability for a particle starting at a large Distance from cell Figure S1 : Radial distribution of free iron, free siderophores and iron-siderophore complexes over time. The figure columns correspond to different values of iron aggregation, with each aggregate containing k iron ions. The intensity of the color indicates the time. The vertical dashed grey lines show the large-k approximation of the peak iron-siderophore distribution R * and the shaded areas show the large-k approximation of the equilibrium distributions. At high k, the free iron close to the cell is bound by secreted siderophores and depleted. For very large k, the concentration at the cell surface drops to zero. The distribution of free siderophores quickly approach their equilibrium distribution, which is close to the distribution of siderophores in absence of iron. As the iron within the boundary R * is slowly depleted, the concentration of iron-siderophore complexes first increases to high levels, before flattening out to its equilibrium distribution, where most new iron-siderophore complexes are produced at a distance R * . This equilibrium distribution, however, is only reached after a considerable time (> 1 month for k = 10 6 ). See also Fig. S2 for k = 10 2 , 10 6 , 10 10 . Distance from cell Figure S3: Relative diffusion coefficient required by a cell to achieve an equivalent increase in iron uptake as siderophore secretion. cell distance Figure S4 : Example mesh used in the 2D numerical integration scheme. The cylindrical symmetry of two cells can be exploited to only solve the reaction-diffusion equations in two dimensions. The large length scale differences between cell spacing and siderophore diffusion require the use of an expanding mesh. A local for r < 0.1 mm was mesh was created and refined using the mesh generation routines in FEniCS (Alnaes et al., 2015) . For r > 0.1 mm a regular circular expanding mesh was added to the local mesh. Figure S5 : The fraction of iron that is stolen by a neighboring cell depends on the distance between cells. The approximation for the fraction of iron that is stolen by a neighbor at a distance d (black line) is in excellent agreement with the numerical solutions at different aggregation levels (colored points). The color scale is the same as in Fig. 3 .
